The concept of quantum many-body scars has recently been put forward as a route to describe weak ergodicity breaking and violation of the Eigenstate Thermalization Hypothesis. We propose a simple setup to generate quantum many-body scars in a doubly modulated Bose-Hubbard system which can be readily implemented in cold atomic gases. The dynamics are shown to be governed by kinetic constraints which appear via density assisted tunneling in a high-frequency expansion. We find the optimal driving parameters for the kinetically constrained hopping which leads to small isolated subspaces of scared eigenstates. The experimental signatures and the transition to fully thermalizing behavior as a function of driving frequency are analyzed. arXiv:2002.01746v1 [cond-mat.quant-gas] 
Introduction.-There have been great efforts in the last decades to further our understanding of quantum thermalization, i.e. how local observables of a closed quantum system converge to a stationary state of thermal equilibrium, even though the system follows unitary dynamics. It is believed, with strong support from extensive numerical studies [1] , that quantum thermalization can be sufficiently described by the Eigenstate Thermalization Hypothesis (ETH) [2] . Additional evidence comes from the rapid progress in controllable experiments, for example cold atoms [3] [4] [5] and trapped ions [6, 7] , which have enabled the characterization of different paths to thermalization [8] .
While ETH can explain thermalization for the vast majority of quantum systems, there are also systems substantially deviating from predictions by ETH, as observed in quench experiments showing that some systems keep some memory of their initial state [9] . Prominent examples include integrable systems [10] and many-body localized (MBL) phases [11] [12] [13] with an extensive number of conserved quantities. Beyond the two extremes of fully thermalizing versus fully many-body localized systems, the basic question has emerged whether ergodicity can be weakly broken by special eigenstates rather than the full spectrum.
Recently, an interesting phenomenon suggesting weak ergodicity breaking in non-integrable systems was observed experimentally on a Rydberg atom platform [5] . Unexpected persistent coherent oscillations appeared for a set of special initial states. It turns out that kinetic constraints in the system play an important role in the appearance of slow equilibration; for example the constrained PXP model of a spin-1 2 chain [14] [15] [16] [17] displays similar phenomenology. A special band of non-thermal eigenstates, dubbed quantum many-body scars, emerge; they have support in a small portion of Fock-space while other states obey ETH. Any initial state with a large overlap with scar states displays non-ergodic behavior that manifests itself through persistent coherent oscilla-tions.
By now, there exist several theoretical proposals for quantum systems hosting quantum many-body scars; most of them are spin models [14, 15, [18] [19] [20] [21] [22] [23] [24] [25] , but also fermionic [26, 27] and bosonic models [28] can show this effect. Besides the spin-model realized with Rydberg atoms, all of these models are designed such that they feature quantum many-body scars with little consideration on actual implementability. A crucial question is whether quantum many-body scars can also occur in experimentally feasible settings beyond spin systems.
We propose an experiment consisting of bosonic atoms trapped in an optical lattice, with temporal modulation of on-site energy and interaction. In the fast driving regime, this can be described by an effective model [29, 30] with density-assisted tunneling processes, such that the rate for a particle to tunnel depends on the number of particles on its site and neighboring sites. Since these rates can be tuned in terms of driving amplitudes and frequencies, optimally chosen driving parameters realize kinetic constraints, i.e. selection rules between states that would otherwise be connected via tunneling processes. For the effective model, the Hilbert space is then separated into disjoint subspaces, leading to the appearance of quantum many-body scars [27] . We show that scarred states are experimentally detectable from suitable initial states that result in coherent oscillations that exist for time-scales exceeding the natural time-scales for thermalization by far.
Doubly Modulated Model.-We focus on a system of spinless bosons occupying the lowest band in an optical lattice described by the Bose Hubbard Hamiltonian (BHM),
(1) whereĉ j (ĉ j ) † annihilates (creates) a boson at site j, and n j =ĉ † jĉ j is the occupation number operator. U (t) is the amplitude of the on-site interaction, j = −j represents the tilt potential, F (t) is the shaking amplitude, and J jk is the bare tunneling rate between nearest neighbors. We will consider the doubly modulated version of the BHM [31, 32] , in which both U (t) and F (t) are modulated periodically with period T . In practice, the time dependence results from a periodic tilt or acceleration of the lattice and modulation of a magnetic field inducing a Feshbach resonance [33, 34] . We exploit the freedom to choose suitable driving profiles to realize kinetically constrained hopping of bosons on a chain. It turns out that a monochromatically modulated on-site interaction U (t) = U d cos(ωt) and a shaking in the form F (t) = F 2 cos(2ωt) + F 4 cos(4ωt) are all that is required.
To simplify notation, we will also use the dimensionless quantitiesŨ d = U d /ω,F 2 = F 2 /2ω andF 4 = F 4 /4ω in the following. Kinetically Constrained Hopping.-In the fast driving regime, the dynamics can be approximately captured by a time independent effective HamiltonianĤ eff [35] . The lowest order contribution to the high-frequency expansion readsĤ 0 eff = 1 T T 0 dtH(t), which in the present case reduces to the so-called density assisted tunneling aŝ
where the density dependence is contained in the operator A 0 jk (n j ,n k ) = −j 0 J 0 Ũ d (n j −n k ),F 2 (j − k),F 4 (j − k) , (3) in terms of the three-dimensional Bessel function J 0 [36] . The existence of the termn j −n k in the operatorÂ 0 jk indicates that the tunneling rates depend on the occupation number difference of specific initial and final states [31, 32] . For example, in a chain with the initial Fock state |ψ i = |n 1 . . . n N one obtains
with the prefactor h L nj ,nj+1 = −j 0 J 0 (Ũ d (−n j + n j+1 − 1),F 2 ,F 4 ) , (5) that can be interpreted as the tunneling rate for a particle to tunnel from site j + 1 to j, i.e. to the left. Similarly the rate for a particle to tunnel from site j to j + 1 reads h R nj ,nj+1 = −j 0 J 0 (Ũ d (−n j + n j+1 + 1),F 2 ,F 4 ) . (6) As states with low occupations per site will be particularly relevant, the following rates h L (0,1) = h R (1,0) = h R (2,1) = h L (1,2) = −j 0 J 0 (0,F 2 ,F 4 ) , h L/R
(1,1) = h R (2,0) = h L (0,2) = −j 0 J 0 (Ũ d ,F 2 ,F 4 ) , h L (2,1) = h R (1,2) = h L (0,3) = h R (3,0) = −j 0 J 0 (2Ũ d ,F 2 ,F 4 ) , play an important role in the formation of many-body scars.
Fragmentation in Fock-Space.-In order to understand how specific choices of the rates in Eq. (7) result in the desired fragmentation of Hilbert space, it is instructive to consider the basic example of three lattice sites with periodic boundary condition as illustrated in Fig. 1 . Tunneling processes between different Fock states are indicated by solid and dashed lines, and processes that occur with the same rate are depicted with the same color.
If all the rates of processes depicted with dashed lines vanish, then the Hilbert space is being fragmented into four blocks -one block containing the states |012 , |102 , |003 , two blocks containing their cyclic permutations, and the one-dimensional block |111 . This fragmentation naturally occurs if the rates specified in Eq. (7) satisfy the conditions
(1,1) = 0 , h L (1,2) = h R (2,1) = 0 . (8) In practice it is not necessary that these rates vanish exactly, but clear deviation from ETH can also be observed in the presence of leaking channels, i.e. small, but finite amplitudes of these rates.
Fragmentation in systems of any number of sites and filling factor can be understood in terms of elementary building blocks of few sites. One exemplary building block contains only the Fock states |n 1 n 2 n 3 n 4 n 5 n 6 for a system of six atoms on six sites, with n 1 = n 6 = 0, n 2 ≤ 2 and n 5 ≤ 2, for instance the state |ψ = |003300 . Due to the constraints in Eq. (8), the vanishing occupation on sites 1 and 6 in |ψ is conserved throughout time evolution. In turn, for a products of such 6-site states, there will be no mixing in-between thus they form a fragment which is much smaller than the total Hilbert space. In practice, there are many more elementary building blocks, giving rise to a substantial number of scarred states in large systems.
Optimal Control of Scars.-In order to realize the above scars experimentally, the driving parameters need to be of leaking and hopping channels for a Hilbert space fragment. The red region labels the best parameter space with ratios lower than 10 −4 . Right: Hopping rate as a function of F 2 . Two leaking channels cross zero at the same time.
chosen such that
to satisfy the conditions given in Eq. (8) . In general, one needs a large modulating interaction U d , to realize a notable difference between hopping channels (Eq. 7) with different particle numbers. For concreteness, we fix U d = 12, ω = 6 and show the ratio between dominant leaking and leading hopping rates within the fragment (|h L (0,1) | + |h L 1,1 |)/|h L (2,1) | as a function of F 2 , F 4 in the left panel of Fig. 2 . This is a suitable figure of merit for the appearance of long time coherent oscillations as the inverse of the ratio captures the time scale for the leaking effects to become notable. There is a sweet spot in black around (28.8, 2.8) with ratios below 10 −6 . In the right panel, the rates are depicted with fixed F 4 = 2.8, and one can see two leaking rates crossing zero at the same point. Therefore those two channels can be tuned to both be strictly forbidden, leading to perfect fragments.
So far we have restricted our discussion on the conditions for fragmentation of the Hilbert space of the effective HamiltonianĤ 0 eff , which drastically changes the stroboscopic dynamics of the driven Bose-Hubbard chain in the high-frequency regime, but higher order processes of magnitude O(j 0 /ω) will play an increasing role for smaller frequencies.
This will inevitably open leaking channels and a transition to a thermalizing system without scars is expected. In the following, higher order effects are analyzed via the spectrum of the full Floquet operator,Û (T ) = T T 0 exp −iĤ(t)dt , obtained via exact diagonalization for unit-filling. The ratio between the driving amplitude U d , F 2 , F 4 and frequency ω is fixed to the optimal point discussed above.
In contrast to the smooth dependence of expectation values of local observables as a function of eigenstates' energy, scarred states typically lead to very different values even for states close in energy [25] . This violation of ETH can be seen in Fig. 3a depicting the expectation value of the local particle number n L/2 for eigenstates of the Floquet operator as a function of their quasienergy.
In the case of slow driving, depicted in red, the local particle number is close to the value of one, with essentially no dependence on the quasienergy α ; For faster driving, however, the local particle number changes seemingly chaotically from one eigenstate to the next. The transition to the fast driving regime can also be appreciated from the range of quasi energies: outside the fast driving regime (ω = 1), the full interval [−ω/2, ω/2) is occupied, whereas the occupied interval hardly grows with increasing ω for ω ≥ 4. The width of the distribution of local particle numbers is best characterized in terms of the difference between the typical largest and typical smallest local particle number. Fig. 3b depicts the width ∆ n L/2 = n L/2 max − n L/2 min , where n L/2 max/min is the average over the 20 largest/lowest local particle numbers. The error bars are estimated from the variances of these averages. The dependence of ∆ n L/2 on the driving frequency ω, shows a well-pronounced increase indicating the formation of many-body scars on the transition to the high-frequency regime.
Having established the appearance of quantum manybody scars, the last -but crucial -aspects to discuss are their experimental signatures and realization.
Coherent oscillations.-A direct way of detecting scarred states is by studying the long time oscillations of specially prepared initial states. For the optimal parameters in the high-frequency limit, the state will remain in the subspace of its fragment and thus show coherent oscillations. If the driving frequency is finite, but sufficiently large so that the rates of leaking channels are much smaller than tunnelings rates within the subspace, FIG. 4: Left: Correlation function given optimal parameters. Coherent oscillation with fast driving matches well with subsystem approximation, indicating the existence of scared states. In contrast, correlation saturates quickly in the ergodic case with ω = 2 where higher order effects induce deleterious leaking. Right:
Correlation difference between real dynamics and subspace approximation(Eq. 10) for varying frequencies. Some blue spots appear within the red region at longer times because of the accidental similarity between C real (t) and C sub (t).
these coherent oscillations will be damped out slowly and their lifetime can exceed the thermalization time by far. As a specific example, we focus on the stroboscopic dynamics of a system with ten sites with periodic boundary conditions and initialized in the Fock state |1100330011 . The coherent oscillation of the two-point correlation function C 56 (t) = n 5 (t)n 6 (t) − n 5 (t) n 6 (t) , of the two central sites are depicted in Fig. 4a . The actual system dynamics C real (t) are depicted in orange and compared to the dynamics C sub (t) induced by the subsystem Hamiltonian [37] in which all rates of leaking channels are set to vanish. The ergodic case with slow driving is depicted in green, and it shows that the correlation saturates rapidly on a time-scale t ∼ O(1/j 0 ). While the comparison between actual scar dynamics and the effective subsystem dynamics gives evidence of damping due to leakage, the oscillations in the scarred dynamics also clearly exceed the time-scale of thermalization.
In order to turn this qualitative observation into a quantitative assessment of the lifetime of the coherent oscillations, it is helpful to define the difference between the two correlation functions
comparing the actual dynamics and the effective subsystem dynamics. The difference R(t) is depicted in Fig. 4b as a function of time t and driving frequency ω. As one can see, the difference is very small (blue) for short times, and there is a clear increase (red) for longer times. The point in time around which this transition occurs grows linearly with ω, as indicated by a dashed black line. This allows us to define lifetimes for scar states. The propor-tionality to ω indicates that the scar states become increasingly stable as the fast driving regime is approached (ω → ∞). Experimental Realization.-The doubly modulated Hubbard system in cold atomic gases and the required initial states can be constructed via existing experimental techniques. The driving can be achieved by periodically modulating external magnetic fields in the vicinity of Feshbach resonances [33, 38] and lattice shaking [39] . The remaining challenge is to prepare fine tuned initial states. The easiest states to verify fragmentation and violation of ETH are the Mott insulator state and the density wave state with two particles on every second site. Both of them are eigenstates of the effective Hamiltonian, thus, they will be frozen in the presence of fast driving. For more interesting cases discussed above, one can first prepare Mott states with three bosons per site [40] and then apply the single-spin addressing scheme [41] to remove unwanted particles on selected sites to obtain for example |. . . 003300003300 . . . . This state provides an example which shows coherent oscillation for an exceptionally long time before thermalization in the high-frequency limit.
Conclusions & Outlook -Our concrete proposal enables the experimental realization of quantum manybody scars in a bosonic system, allowing the study of thermalization and lack thereof in systems substantially larger than those possible to study in any theoretical analysis. The Floquet engineering of kinetically constrained hopping discussed here can be achieved independently of system dimensionality and geometry, thus paving the way to substantially deepen our understanding of different thermalization paths in two-and threedimensional systems with different lattice geometries (some of which can result in topological order [42] ).
The suppression of leaking channels, as well as kinetically constrained hopping in general, is not only helpful for enabling experiments for quantum many-body scars, but it can potentially also be used to suppress processes like heating [43] that poses a serious limitation to quantum simulations based on driven atomic gases. Finally, the ability to open and close selected tunneling channels also opens up new pathways for state preparation like the accurate creation of coherent superposition of different Fock states [44] as required e.g. for precision sensing.
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